Electronic double vacancies with one vacancy in the valence shell and one in the core play a role in several physical processes. Such core-valence double vacancies are theoretically analyzed and related to possible experiments. The corresponding wavefunctions and energies for CO, N 2 , and H 2 CO are computed using propagator and configuration interaction methods. The numerical results are analyzed in some detail and are compared to the corresponding single valence vacancies. The analysis is performed by breaking up the binding energy of the double vacancy into the most relevant components, such as hole-hole repulsion and relaxation contributions. It is shown that the double ionization potential is essentially given by single ionization quantities. In particular, we find a kind of ''Koopmans theorem'' for those dicationic states with an outer valence hole: the double ionization potential ͑shifted by the core ionization energy͒ is approximately given by the valence orbital energy of the core ionized state. As typical for double vacancies we encounter, in addition, an interesting singlet-triplet separation problem. Intensities for the production of the dicationic states by valence ionization out of a core ionized initial state are derived. The extent of valence hole localization in the dicationic states is analyzed by a two-hole population analysis. The analysis can be used to simulate the production of core-valence vacancies via Auger decay.
I. INTRODUCTION
The removal of two valence electrons in molecular systems has been investigated in many experimental ͑for example via Auger, 1,2 double charge transfer, 3 energy loss, 4 charge stripping mass 5 spectroscopy, or via direct double photoionization [6] [7] [8] ͒ and theoretical [9] [10] [11] [12] [13] studies and is still a popular topic. Also the creation of double core vacancies has been studied experimentally for atoms [14] [15] [16] and, more recently, for molecules. 17, 18 Some theoretical studies on double core vacancy states are available. 19, 20 In contrast, much less attention has been paid to the creation of molecular corevalence double vacancies. Technical reasons make the creation of these doubly ionized states and their experimental detection difficult.
No systematic theoretical investigation on core-valence dicationic states is available yet. Various possibilities for their generation are briefly discussed in the following. For example, core-valence dicationic states can be generated by direct double ionization of one core and one valence electron, either with photons or electrons. Very recently, the first experimental determination of an absolute double photoionization cross section for the direct emission into the continuum of two electrons belonging to two different shells succeeded. 21 These measurements were performed for simultaneous photoionization of 2p ͑core͒ and 3s ͑valence͒ electrons in sodium atoms.
Another possibility is to produce a primary vacancy in an inner atomic subshell ͑core͒. In this case core-valence dicationic states can result from two different mechanisms.
First, in a one-step mechanism a valence electron is simultaneously ejected due to relaxation effects in the valence shell. This is the so-called shake-off process accompanying core ionization. 22 However, the shake-off energy threshold of a valence electron in the core ionization spectrum is often not marked, because the shake-up series of energetically deeper valence electrons can blur the shake-off edge.
Second, in a two-step process the ejection of the primary core electron is followed by Auger decay of the singly charged ion, leading to the emission of a second electron and, thus, to the production of a doubly charged ion. 23 In order to produce core-valence dicationic states via the Auger process the primary core hole has to be localized on an atom which contains at least two energetically well separated core levels. If, for example, the primary core hole is localized in the K-shell of a second row atom the KLV Auger process produces final dicationic states with one L-shell ͑core͒ and one valence vacancy. To date, such core-corevalence Auger experiments are confined to rare gases 24, 25 and solids, 26 in the latter case especially metals, alloys, and silicon. The Auger decay is a particularly interesting source for the production of core-valence dicationic states. Owing to its intra-atomic nature, it can roughly be thought of as a probe of the magnitude of the two-hole density in the final dicationic states at the atomic site where the primary decaying core hole is created. It is clear that only states which have a significant relative component of the two-hole density located at a given atom can have an appreciable rate of decay from the corresponding core hole. 26, 27 Another possibility to produce the desired dicationic states is via valence ionization out of an initially core ionized system, either with photons or electrons. At least from a theoretical standpoint, this case is particularly interesting since it allows one to view the resulting spectrum as a ''normal'' ionization spectrum in the presence of a well-defined core hole localized on a particular atom. By recording spectra with the core hole on different atoms of the system, one can investigate in a systematic manner the electronic structure of this system. By analogy with valence ionization of the ground state molecule, [28] [29] [30] a straightforward derivation of the associated cross sections is possible, taking into account the different spin requirements on the initial and final state wavefunctions.
In the present paper we investigate core-valence double vacancies in molecular systems. To be specific we focus on the core-valence doubly ionized states in CO, N 2 , and H 2 CO. The theoretical results on these states are compared to the corresponding valence singly ionized states of the molecules. Particular attention is paid to those dicationic states with a hole in an outer valence orbital. It is well known that, in the Hartree-Fock ͑HF͒ one-particle basis, the one-hole (1h) configurations resulting from single ionization cannot couple directly with each other. The complete first order decoupling of 1h configurations is the base of Koopmans theorem according to which the single ionization energies are exactly given by the negative HF orbital energies up to first order. 31 In the outer valence region, where the singly ionized states are suitably described by the molecular orbital ͑MO͒ picture of ionization, Koopmans theorem is a reasonable approximation. In contrast, it is not obvious that an independent particle framework is capable to describe meaningfully core-valence dicationic states with an outer valence vacancy, since the coupling of 2h configurations already takes place in first order. This problem will be investigated.
By viewing the core vacancies as localized on the respective atoms, the interpretation of the results on the dicationic states and also their computation can be considerably simplified. 32 Clearly, this approach is in order for the CO and H 2 CO molecules where the core orbitals are localized on the carbon and oxygen atoms. In the N 2 molecule, where the core orbitals are delocalized by symmetry requirements over the equivalent nitrogen atoms, the localized core approach is checked against calculations employing delocalized core orbitals. Since the electrons are detached out of two different ͑one core and one valence͒ spatial orbitals the spins of the remaining electrons can be coupled either to singlet or triplet dicationic states. The binding energies of these states are calculated and analyzed as the response of the molecular ground and core ionized state to the sudden creation of a double core-valence and single valence vacancy, respectively. The latter process can be viewed as valence ionization of a core ionized state. For this process, cross sections related to the production of the final dicationic states are evaluated. The calculation of accurate intensities for the generation of core-valence dicationic states is a difficult task which is beyond the scope of the present paper.
The paper is organized as follows. Guided by the results of ab initio Green's function calculations, we convey in Sec. II a general idea of the phenomena which can be expected upon the creation of molecular core-valence double vacancies. The results on CO serve as the base of this overview. The technical details of the ab initio computations on CO, N 2 , and H 2 CO are given in Sec. III. A more detailed presentation of the numerical results on the dicationic states of the molecules follows in Sec. IV. Here, also the impact of the localized core approach is investigated for the N 2 molecule, and the valence hole distribution in the dicationic states is computed via a 2h population analysis. A thorough analysis of the major effects in the dicationic states is performed in Sec. V by the break up of the double ionization energy into its various contributions in terms of perturbation theory.
Here, also the splitting of the states due to their singlet and triplet spin symmetry is analyzed, the coupling of 2h configurations, which determines the valence hole distribution, is studied by a simple electrostatic model, and the Green's function calculations are compared with configuration interaction ͑CI͒ calculations on the dicationic states with an outer valence hole. Whereas the former calculations are based on the molecular ground state, the latter proceed from the relaxed orbitals of the core ionized state. Finally, in Sec. VI cross sections for the process valence ionization of a core ionized state are derived and their relation to the CI wavefunctions is discussed.
II. PHENOMENA IN CORE-VALENCE DOUBLE IONIZATION SPECTRA
The results of ab initio Green's function calculations ͑for technical details see Sec. III͒ on the CO molecule shall serve as a guide to the phenomena which occur in molecular double ionization spectra when one core and one valence electron are ejected. Since the C1s and O1s orbitals of CO are localized on the respective atoms, we can view the double ionization process as a valence ionization in the presence of a localized core hole. Valence ionization takes place out of the C1s ionized ͑C*O͒ or O1s ionized state ͑CO*) where the ''star'' denotes the core vacancy localized on the corresponding atom. According to this view, we do not report directly the computed core-valence double ionization energies (DIP cv ) in the following figures and tables, but the valence ionization energies (ĨP v ) of the core ionized system which are given by ĨP v ϭDIP cv ϪIP c where the respective experimental core ionization energy (IP c ) is employed. 33 Clearly, the use of ĨP v lends itself to comparison with the valence ionization energies (IP v ) of the ground state system. The results of the calculations on CO are depicted in Fig. 1 as line spectra. The position of each line is given by the computed valence ionization potential, and its height by the total 1h or 2h weight ͑sum of the squares of the 1h or 2h coefficients͒ of the calculated eigenvector representing the valence monocationic or core-valence dicationic state of CO, respectively. This allows one to distinguish between main states and satellite states, with large and small hole weight, respectively. The singlet and triplet states of C*O and CO* are reproduced by solid and dotted lines, respec-FIG. 1. Vertical valence ionization potentials of ground state ͑CO͒, C1s ionized (C*O), and O1s ionized (CO*) carbon monoxide, and hole weights of the corresponding valence monocationic or core-valence dicationic states calculated via Green's functions at the ground state geometry. Shown are all monocationic/dicationic states with a 1h/2h weight larger than 0.01. The singlet and triplet dicationic states are distinguished by solid and dotted lines, respectively. The symmetry label on top of a line specifies the ground state valence orbital from which the underlying state has acquired mainly its hole weight. For clarity, weak lines at high energy have not been labeled.
tively. The symmetry label above each line indicates the ground state valence orbital out of which ionization takes place.
Compared to the ionization spectrum of CO the spectra of C*O and CO* are shifted by more than 10 eV towards higher energy. The explanation for this shift is obvious. Due to the localized core hole the valence electrons relax, i.e., the ground state electron distribution is reorganized. The detachment of the relaxed valence electrons out of the core ionized molecule requires more energy than the removal of the unrelaxed ones out of the ground state because of the electrostatic attraction of the positive charge. These effects are reflected in the energy and population analysis of the relaxed and unrelaxed orbitals in Table I . The ground state as well as both core ionized states of CO are described by the HF valence configuration (3) 2 (4) 2 (1) 4 (5) 2 . The data in Table I show that not only the energetical order of the orbitals of CO, C*O, and CO* is the same, but also, apart from a shift of the electron distribution towards the atom with the core vacancy, the orbital character is maintained in each system. Accordingly, the overall structure of the valence ionization spectra of C*O and CO* is similar to that of the CO spectrum, namely we can distinguish between an outer and inner valence region where the states derive from the outer valence (5,1,4) and inner valence (3) orbitals, respectively. The large hole weight of the outer valence ionization lines in Fig. 1 implies that the corresponding states are reasonably described in the MO model, with a one-to-one correspondence between peaks and molecular orbitals. In the inner valence region we encounter the situation that (3) ionization spreads over more than one state of a given spin symmetry and appreciable hole weight. Thus, there is no one-to-one correspondence between orbitals and ionization peaks and, hence, the concept of breakdown of the MO picture of ionization 34 applies. The rest of this paper is predominantly dedicated to the discussion of the outer valence main lines which are consistently described beyond second order of perturbation theory by the Green's function approach used. The dominating states in the inner valence region, which derive from the 3 orbital, and the accompanying satellite states will be discussed in less detail because in these cases our calculations are less accurate. A very high precision is needed to accurately compute the inner valence region of these molecules bacause of the quasi-degeneracy of many electronic configurations in this energy range. 34 An overview of the Green's function results on the outer valence main lines of C*O and CO* is given in Table II . Here the position of each singlet-triplet pair is specified by 3 Table II͒ . This will be useful for the following discussion. Apart from the overall shift of the C*O and CO* spectra towards higher energy ͑with respect to the CO spectrum͒ the shift of individual lines in Fig. 1 is strongly state specific, especially in the CO* spectrum. The smallest and largest line shifts in the latter amount to 10.8 eV and 18.8 eV for the 5 and 4 outer valence main states, respectively. We note a qualitative correspondence between the size of the shift and the size of the singlet-triplet splitting ⌬ Split . For the above mentioned dicationic states of CO*, ⌬ Split amounts to 0.1 eV and 2.9 eV, respectively. Like the overall shift of the C*O and CO* spectra, also the state specific shifts and spin splittings can be approximately understood by the electrostatic holehole interaction in the dicationic states. Since the MO picture of ionization is valid for the outer valence main lines, the localization properties of the valence orbitals determine the strength of the electrostatic repulsion. The hole-hole interaction is strong when the valence hole is distributed around the atom which carries the core vacancy, thus, giving rise to a large shift and spin splitting for the corresponding singlet and triplet states. This argument is made clear by the population analysis of the outer valence orbitals of CO in its ground and core ionized states ͑see Table I͒ . According to the carbon lone pair character of the 5 orbital, the 5 line of the CO spectrum is more strongly shifted in the C*O than in the CO* spectrum and the singlet-triplet splitting is very pronounced in the C*O spectrum whereas it almost vanishes in the CO* spectrum. The 1 and 4 orbitals, which are mainly distributed around the oxygen atom, give rise to larger splittings and shifts in the CO* spectrum. While this electrostatic interpretation is appropriate to understand ⌬ Split in the C*O and CO* spectra, as well as ⌬ Shi f t in the latter, it fails to explain the more uniform ⌬ Shi f t in the C*O spectrum. Based on hole-hole repulsion effects one would expect a substantially larger ⌬ Shi f t value for the 5 than for the 1 and 4 dicationic states of C*O. Accordingly, in addition to the electrostatic contribution we have to take into account other interactions in order to understand properly the observed features. The appropriate tool for this analysis will be given in Sec. V B by the spin-free formulation of the perturbation expansion of ĨP v . We summarize that, except for the 5 carbon lone pair, the charge distribution of all ͑outer and inner͒ valence electrons in the CO molecule is more concentrated around the oxygen atom due to its stronger electronegativity. Consequently, the hole-hole interaction is generally stronger in the valence ionized states of CO*. This is illustrated by the visible fact that the C*O spectrum is more similar to the CO spectrum than the CO* one. A careful examination of the results on the outer valence main states of C*O and CO*, collected in Table II , reveals another important feature of these states: the ĨP v , calculated via Green's functions, is approximately reproduced by the corresponding relaxed orbital energy ⑀ of the core ionized state. The average of the singlet and triplet values of ĨP v lie up to 2.1 eV higher (1 state of C*O͒ and 1.2 eV lower (5 state of CO*) than the corresponding relaxed orbital energy ͑resulting from spin restricted open-shell HF computations͒. Thus, in analogy with the valence ionization of the molecular ground state, where Koopmans theorem applies, a kind of approximate ''Koopmans theorem'' appears to exist also for the valence ionization of a core ionized state. In Sec.V A this existence will be demonstrated by the perturbation expansion of the relaxed orbital and the ionization energies.
Also the hole weights, which are related to observable intensities ͑spectroscopic factors 34 ͒, are subject to specific changes depending on the atom with the core vacancy. The hole weights of the outer valence main lines are, in general, smaller in the C*O and CO* spectra than in the CO one ͑see Fig. 1͒ . The 2h weight of the dicationic states is as state specific as are the line shifts and spin splittings, i.e., it depends on the valence orbital from which the dicationic state derives. The 2h weight decreases with increasing ⌬ Shi f t and ⌬ Split ͑see Table II͒ . Thus, the 2h weight of the 5 line is the smallest in the C*O outer valence spectrum and the 4 and 1 lines are the smallest in the CO* spectrum. An explanation for this finding will be given in Sec. IV A with the aid of a state composition analysis.
The lack of experimental data makes a thoroughly reliable analysis of phenomena in the spectra of core-valence dicationic states difficult. Although we are not conversant with the accuracy of ĨP v 's resulting from Green's function calculations, it is reasonable to trust the qualitatively predictive power of the results. This is justified by the fact that Green's function methods have already been applied successfully in many situations like, for example, the computation of accurate IP v 's for outer valence electrons. 35 We note, however, that the ionization spectra of the core ionized systems have been computed with less accuracy than the single ionization spectrum discussed in Ref. 35 . In the present paper we are interested in illustrating the phenomena which can be expected upon the creation of molecular core-valence double vacancies, rather than in computing highly accurate numbers. By illustrating these very interesting phenomena we hope to stimulate experiments for this so far neglected class of dicationic states. 
III. COMPUTATIONAL DETAILS

A. Electronic structure calculations
For the investigation of the core-valence doubly ionized states of CO, N 2 , and H 2 CO we have applied Green's function and CI methods. The former method enables the direct computation of the poles of the particle-particle propagator. 36 These poles are the desired binding energies of double core-valence holes. The particle-particle propagator has already been applied to compute core 19, 20 as well as valence 12, 13 doubly ionized states. The particular approximation scheme used to calculate the propagator is referred to as algebraic diagrammatic construction ͑ADC͒. The ADC(n) scheme consists of all terms up to and including n-th order of the perturbation expansion of the propagator and approximates higher orders by infinite partial summation of terms. The ADC theory and its implementation details have been extensively described in previous literature. 12, 37, 38 In the present paper, we have applied the ADC͑2͒ scheme to the particle-particle propagator. Consequently, the configuration space is spanned by all dicationic configurations, which can be classified as 2h and three-hole one-particle (3h1p) configurations, defined on the basis of the neutral ground state HF orbitals. The resulting DIP's are correct beyond second order for main states ͑i.e., states perturbatively derived from 2h configurations͒ and beyond first order for satellite states ͑derived from 3h1 p configurations͒.
For the comparison of the valence ionization spectra of a molecule in its core ionized states the DIP cv 's calculated via ADC have been shifted by the corresponding experimental IP c ͑Ref. 33 for CO and N 2 , Ref. 39 for H 2 CO͒. The valence ionization spectra of the ground state molecules in Figs. 1-3 have been calculated via one-particle Green's functions. The analogous ADC scheme applied to the particle propagator is the ADC͑3͒, also known as the ͑extended͒ two-particle-hole Tamm-Dancoff approximation, and yields IP's which are defined in the space of all 1h and 2h1 p configurations. 40, 35 The orbital energies and Coulomb integrals resulting from HF calculations on the neutral ground state serve as FIG. 2 . Vertical valence ionization potentials of the ground state ͑N 2 ) and N1s ionized ͑N*N͒ nitrogen molecule, and hole weights of the corresponding valence monocationic or core-valence dicationic states calculated via Green's functions at the ground state geometry. Each line shown actually corresponds to two states, due to the two equivalent nitrogen atoms; the energy split is, however, too small to be seen in the figure ͑see Sec. IV B͒. For more details see the caption of Fig. 1. input data for the ADC computations on the molecules. Throughout, the calculations have been carried out in atriplezeta basis set 41 including polarization functions 42 . core-like virtual orbitals have been excluded from the configuration space. In the ADC calculations of DIP cv 's use has been made of the energy and symmetry properties of the core orbitals. Because of the large difference in energy and the strong localization on the corresponding atom of the C1s and O1s orbitals, the C1s-and O1s-valence dicationic states of CO and H 2 CO have been computed separately by including either the C1s or the O1s orbital in the active configuration space. In the case of N 2 the two delocalized core orbitals are quasi-degenerate. To assess the inaccuracy introduced by a separate treatment of the localized N1s -valence dicationic states, which is done by keeping only one localized N1s orbital active in the configuration space, we have also carried out full calculations by keeping both delocalized core orbitals active. The calculations on CO, H 2 CO, and N 2 using localized core orbitals have been carried out in C 2v symmetry, and the calculation on N 2 using delocalized core orbitals in D 2h .
In addition to the HF computations on the neutral closed-shell ground states we have also performed spin restricted open-shell HF calculations on the core ionized molecules to determine the energies and the charge distributions of the resulting relaxed orbitals. In the case of N 2 these HF calculations have to be carried out with the localized N1s orbitals in order to account for the whole relaxation contributions. The basis sets and geometries used here are the same as specified above. The relaxed core state orbital energies and Coulomb integrals serve as input data for CI computations on the dicationic states with an outer valence vacancy. Here, the configuration space consists of all single (3h1p) and double (4h2p) excitations generated from 2h configurations with one valence and the specific localized core vacancy.
B. Two-hole population analysis
To determine the distribution and the extent of localization of the valence hole in core-valence dicationic states, we have applied a 2h population analysis of the dicationic states. 27 By this analysis the total 2h weight of an ADC eigenvector is decomposed into its localized atomic contributions. The sum of the contributions of the atomic orbital hole pairs p, q to the 2h weight, where both p and q refer to basis functions centered on a given atom A, is the ''onesite'' contribution of that atom to the 2h weight, and measures the extent to which both holes in the dicationic state are localized on atom A. Similarly, the ''two-site'' character of a state is measured by the sum of terms p and q which refer to basis functions centered on two different atoms A and B. Thus the predominance of one of these contributions for a given state indicates that the two vacancies are strongly localized in space ͑either at the same or each at another atomic center͒, whereas states for which more than one component is significantly present are characterized as having correspondingly delocalized holes.
Viewing the core hole as localized on a specific atom, only the problem of the valence hole distribution remains to be analyzed in the case of core-valence dicationic states. If the core vacancy is localized on atom A we can separate the 2h population of each ADC eigenvector in one one-site contribution A Ϫ2 ͑valence hole on the atom which carries the core hole͒ and two-site contributions A Ϫ1 B Ϫ1 ͑valence hole on a different atom͒, while other contributions vanish. Thus, for a given core vacancy the 2h population of each dicationic state is completely characterized by the decomposition of the valence hole distribution into its localized atomic contributions.
IV. NUMERICAL RESULTS ON CORE-VALENCE DICATIONIC STATES
A. CO
After having given in Sec. II an introduction to the important phenomena in core-valence double ionization spectra, the results obtained for the CO molecule will now be completed by a careful analysis of the dicationic states. The composition of the valence ionized states of C*O and CO* which make up the spectra in Fig. 1 are given in Tables III and IV, respectively. All states up to 63 eV with a 2h weight larger than 0.01 are reported. The composition of each corevalence dicationic state is specified by the dominating square 2h and 3h1 p components of the ADC eigenvector where, for the sake of a more compact presentation, the 3h1p contributions have been summed according to the symmetry of the virtual orbitals. Also, the state composition in Tables III  and IV is reported without specifying the empty core level explicitly. This is permitted by the fact that, although our calculations have been carried out in the full configuration space comprising all 2h and 3h1 p configurations, exclusively configurations with exactly one core hole dominate the dicationic states. This reflects the separability of the core and valence part of the dicationic states, 45 which is due to the large difference in energy and space localization between core and valence orbitals and leads to separate conservation laws for the number of core and valence electrons.
It can be seen in Fig. 1 that the 4 main state of CO has lost some of its intensity to the accompanying 4 shake-up satellite. This trend that energetically higher lying states in the outer valence region pass intensity to accompanying shake-up satellites is typical in the valence ionization spectra of molecules, 34, 35, 46 but is not observable in the ionization spectra of C*O and CO*. In Fig. 1 , where all states with a hole weight larger than 0.01 are reported, we do not find dicationic satellite states with an appreciable 2h weight between the outer and inner valence region of the C*O and CO* spectra. In the spectrum of CO*, in particular, no satellite has a 2h weight larger than 0.01. Since the core levels in CO are of symmetry, the symmetry of its dicationic states is determined by the empty valence orbital only. Thus, all states with a non-vanishing 2h weight are either of ⌺ ϩ or ⌸ symmetry.
Let us briefly summarize here the results on the very weak satellites not appearing in Tables III and IV . It is interesting to note that our ADC calculations on C*O yield 19 of these states, one of 3 ⌺ ϩ and 18 of ⌸ symmetry, in the energy region extending to 63 eV. Twelve of these satellite states appear before the first inner valence ionization line at 51.9 eV. Hence, together with the 3 satellites listed in Table  III , there are 15 weak satellites between the outer and inner valence region. The above mentioned 3 ⌺ ϩ state appears at 45.7 eV and is the lowest lying satellite of all, separated from the highest lying outer valence main state 1 ⌺ ϩ by an energy gap of 9.7 eV. In the case of CO* the calculations predict a different situation. Only one 3 ⌸ state at 48.7 eV and one 1 ⌸ state at 50.0 eV with 2h weights around 0.003 appear between the outer and inner valence region. The next series of satellites start at the end of the inner valence region above 61.3 eV ͑see Fig. 1͒ . We emphasize that these findings for the satellites have to be taken with caution because these states are less accurately treated in our ADC calculations. It is important to realize that this may influence also the quantitative accuracy of our results on the outer valence main states. If, at higher order, the low lying satellites would be considerably lowered in energy, they might interact with the high lying main states modifying the energy positions of the latter somewhat. Consequently, the energy gap between the lowest satellite and the highest outer valence main state gives us some indication on the computational accuracy in the outer valence region.
The data in Tables III and IV clearly demonstrate that the MO picture of ionization applies well to the outer valence main lines of C*O and CO*, respectively. Each line derives predominantly from a single valence orbital justifying the orbital assignments done in Fig. 1 . Owing to the validity of the MO picture the line shifts and spin splittings could be roughly explained in Sec. II by a Mulliken popula-TABLE III. Computed valence ionization potentials (ĨP v ) of C1s ionized CO, and composition of the corresponding core-valence dicationic states. Shown are all states up to 63 eV with a two-hole (2h) weight larger than 0.01. The composition reported is given by the square 2h and 3h1 p components of the ADC eigenvectors larger than 0.001 and 0.01, respectively. The 2h and 3h1 p configurations are indicated by the occupied valence orbitals of CO from which electrons are removed and by the symmetry of the virtual orbital. The always empty localized core level is not explicitly shown in the configurations. tion analysis of the orbitals of CO. However, to ascertain the supposed valence hole distribution in the dicationic states we can perform a 2h population analysis of the states ͑see Sec. III B͒. The results of this analysis on the dicationic states are given in Table V . As a result of the localized core hole, the decomposition of the valence hole distribution into its atomic contributions yields the entire information. The valence hole populations of the dicationic states are in agreement with the corresponding Mulliken MO populations ͑see Table I͒. In the low lying ⌺ ϩ states of C*O and CO* ͑derived from the 5 orbital͒ the valence hole is mainly localized on the carbon atom, whereas in the other states ͑derived from the 1 and 4 orbitals͒ the valence hole is more concentrated on the oxygen atom. Consequently, all states can be classified as localized one-site (5 state of C*O, 1 and 4 states of CO*) or two-site states (5 state of CO*, 1 and 4 states of C*O͒. The ⌸ states have the largest delocalized character because of the bonding character of the 1 orbital. Clearly, the electrostatic interaction is strong in the one-site and weak in the two-site states, in accordance with our previous interpretation of the line shifts and spin splittings in Sec. II. Another interesting result emerges from the population analysis. In contrast to the almost identical valence hole population for each singlet-triplet pair of CO*, the localized character of the valence hole is more pronounced in the 3 ⌺ ϩ than in the 1 ⌺ ϩ states of C*O. The diverse extent of valence hole localization in the different spin states can be understood from the contribution of minor 2h configurations to the ADC vector. For the ⌺ ϩ states of C*O, the admixture of other 2h configurations is stronger in the singlet than in the triplet state.
The state-dependent decrease of the 2h weight of an outer valence main line in the C*O and CO* spectra, which has been stated in Sec. II, can be understood in terms of the strong valence shell relaxation due to the core hole. In the ADC computations, which are based on the unrelaxed ground state orbitals, the relaxation of a valence orbital is taken into account via the coupling of the leading 2h configuration with its 3h1 p single valence excitations ͑see Sec. V A͒. In this way, the 2h weight of the dicationic state is reduced. By symmetry considerations, one should find in the ADC vectors of the outer valence main states of C*O and CO* valence excitations of the type 1→* and n→*,nϭ3,4,5, resulting from relaxation. Indeed, these 3h1p configurations contribute to these dicationic states, in Tables III and IV confirm that the breakdown of the MO picture of ionization in the inner valence region, which is well known in the valence ionization of ground state molecules, 34 applies as well to the corevalence doubly ionized states of CO. Most of the dicationic states in the inner valence region with appreciable 2h weight derive from the 3 orbital, justifying the assignment in Fig.  1 . By analogy with ground state ionization, this breakdown can be understood from the fact that the inner valence hole is resonant with double excitations, where one excitation refills the inner valence vacancy while a second excitation promotes an outer valence electron to an empty level. As a result of the coupling among the above configurations ͑the socalled semi-internal correlation 47 ͒ many eigenstates with non-negligible contribution of the inner valence hole configuration appear, leading to a high density of states in the inner valence region. The importance of semi-internal correlation is reflected by the large contributions of 3h1 p configurations with two outer valence holes to the inner valence ADC states. In general, these contributions prevail over the relaxation contributions for the 3 orbital, which are represented by 3h1p configurations with one inner and one outer valence hole. However, relaxation effects are strengthened in the 3 region because of the more localized character of this orbital. Since this localization is mainly at the oxygen atom ͑see Table I͒, the relaxation contributions are larger for the inner valence dicationic states of CO*.
B. N 2
In molecular systems with symmetry equivalent atoms, on which electrons ͑holes͒ may localize, the quasidegenerate core orbitals are delocalized by symmetry over the equivalent atomic sites. The symmetry-adapted corevalence dicationic states of such systems have to be constructed in a configuration space containing all the equivalent delocalized core levels. In contrast, symmetry-reduced corevalence dicationic states can be constructed in a configuration space containing only one specific localized core orbital which is confined to its atomic space. This is due to the very low probability for holes in different localized core orbitals to propagate into each other even if the core hole energies are similar. The validity and usefulness of this localized core approximation has been previously discussed 32, 45, [48] [49] [50] for the manifold of general core states comprising core ionized, core excited, core-valence dicationic states, etc., and found to be very satisfactory. Here, we intend to demonstrate briefly the quality of the approach for the dicationic states of N 2 and to comment on its general advantages for the calculation and the analysis of core-valence dicationic states. We emphasize that the real dicationic eigenstates have the full molecular symmetry. The symmetry loss of the states is an artifact of the localized core approach.
The results of the ADC calculations on both the symmetry-adapted and the symmetry-reduced dicationic states of N 2 are given in Table VI . Although only the outer valence main states are specified and only their 2h composition is given, the following arguments apply to all dicationic states of N 2 and also to the 3h1 p part of the eigenvectors. Each symmetry-reduced state in the localized core representation (C ϱv symmetry͒ has its two symmetryadapted counterparts ͑one of gerade and one of ungerade symmetry͒ in the delocalized core representation (D ϱh symmetry͒. The energy gap for a g,u pair of symmetry-adapted states ranges from 0.04 eV to 0.14 eV, thus, each g,u pair is quasi-degenerate. The quasidegeneracy is also reflected in the almost identical 2h weight and state composition of each member of a g,u pair. The localized core representation turns out to be an excellent approach, since the computed ionization potential, 2h weight, and composition of each symmetry-reduced state is approximately given by the respective mean value for the quasidegenerate g,u pair. Note that N 2 , with its triply bound nitrogen atoms, should be considered a relatively ''bad'' example for demonstrating the quality of the localized core approach. In molecular systems where the equivalent atoms are farther from each other and more weakly bound, the noninteraction of the localized core levels is practically exact and so is the agreement between the delocalized and localized core pictures.
It is profitable to use localized core orbitals for the numerical computation of core-valence dicationic states. In comparison with the delocalized core representation the length of the wavefunction expansion is limited, since only one core orbital enters the configuration space. Thus, in particular for systems with many symmetry equivalent atoms, the advantage of the reduction of the configuration space can be substantial and often prevails over the loss of symmetry. Moreover, one computes just one averaged symmetryreduced state for each group of quasi-degenerate symmetryadapted states. The small splitting of the g,u pairs can be estimated by perturbation theory. The use of localized core orbitals also facilitates the understanding of the electrostatic and relaxation effects in core-valence dicationic states. Since both effects depend on the localization of the valence hole relative to the core hole we are only left with the problem of the valence hole distribution by confining each core orbital to its atomic space. Accordingly, the discussion of the dicationic states of N 2 will be done in the more transparent localized core picture.
The computed valence single and core-valence double ionization spectra of N 2 are reported in Fig. 2 . The spectra are presented analogously to those of CO. The outer valence main lines in the N 2 and N*N spectra have the same energetical order, i.e., with increasing energy they derive from the 3 g , 1 u , and 2 u orbitals of N 2 . The state specific line shifts, spin splittings, and 2h weights of the dicationic states, listed in Table II , exhibit the same tendencies which have been found for the outer valence main states of C*O and CO*. The increase of ⌬ Shi f t and ⌬ Split , and the decrease of the 2h weight again go hand in hand. Using our previous arguments based on electrostatic and relaxation effects, we can assume that in the 2 u dicationic state, where ⌬ Shi f t and ⌬ Split are large and the 2h weight is small, the valence hole is more localized on the nitrogen atom which carries the core hole. Similarly, the valence hole should be more localized on the other nitrogen atom in the 3 g , and delocalized over both atoms in the 1 u dicationic state. The 2h population analysis of the states totally confirms this valence hole distribution ͑see Table VII͒. The low lying (3 g ) and high lying (2 u ) ⌺ ϩ states have localized two-site and one-site character, respectively. The ⌸ states are completely delocalized. The valence hole localization is more marked in the 1 ⌺ ϩ than in the 3 ⌺ ϩ states. How does valence hole localization take place in the dicationic states? As long as the states are well described in the MO model, with a one-to-one correspondence between peaks and molecular orbitals, the valence holes are necessarily delocalized due to the g,u symmetry of the valence orbitals of N 2 ͑see Table VIII͒ . Within a localized representation we may easily anticipate the above observed behavior. As seen in Table VIII , the various relaxed valence orbitals do exhibit different localization properties. The state composition in Table IX explains the valence hole localization mechanism in the delocalized symmetry-adapted valence representation. The ⌸ states have to be completely delocalized because they are characterized by one single 2h configuration 1 u . For the ⌺ ϩ states an intermixing of 2h configurations is possible and actually takes place between 2 u and 3 g . In the singlet states, where the valence hole is more strongly localized, the 2h mixing is particularly strong. According to the orbital assignment of the ⌺ ϩ states, the dominance of one 2h configuration is retained but the contribution of the other is appreciable. The marked influence of the latter can be seen from the fact that even relaxation contributions originating from this minor 2h configuration are found in the 3h1 p part of the ADC eigenvectors. In the one-site (2 u ) 1 ⌺ ϩ state, for example, the contribution of the 3h1 p configuration 3 g 1 u g * is almost as large as that of 2 u 1 u g * .
In Sec. II we have mentioned that an approximate Koopmans-like theorem appears to exist also for the valence ionization of a core ionized state. This is confirmed by the data for N*N in Table II . The agreement between the relaxed orbital energy ⑀ and ĨP v , calculated via ADC, is even somewhat better than in the case of C*O and CO*. The averages of the singlet and triplet ĨP v pairs lie up to 0.8 eV lower (3 g state͒ and 1.5 eV higher (1 u state͒ than the corresponding ⑀ 's. Some properties of the relaxed orbitals of N*N are worth mentioning. For molecular systems with symmetry equivalent atoms an uncorrelated theoretical method like HF is generally unable to describe localized states within the full symmetry of the molecule. Restricted HF is well known to produce large errors in the computed ⌬SCF ͑self-consistent field͒ core ionization energies 51, 48 where the energy terms arising from hole localization are very large. The ⌬SCF core electron binding energy, computed in a symmetry-adapted ͑delocalized͒ orbital basis, can be shown to account for only about half of the large relax- ation energy. 49, 50 Therefore, in the restricted open-shell HF calculation on core ionized N 2 the core hole has to be localized, otherwise relaxation would not be fully taken into account and the relaxed orbital energies meaningless. The reduced C ϱv symmetry of the relaxed orbitals of N*N is reflected by their population analysis ͑see Table VIII͒. The relaxed orbitals are not symmetrically delocalized over the two nitrogen atoms. The localization effects in the one-site (2 u ) and two-site (3 g ) ⌺ ϩ states are reflected to some extent by the population analysis of the relaxed orbitals 2 u and 3 g , respectively. On the other hand, the relaxed 1 u orbital cannot reflect the symmetrical valence hole distribution in the completely delocalized (1 u ) ⌸ states. Figure 2 shows that the breakdown effects in the inner valence region of the N*N spectrum are less pronounced than in the N 2 spectrum. Only two singlet and two triplet states are found between 50 eV and 57 eV which have an Table II͒ and can be understood as follows. Owing to the large energy gap between inner and outer valence orbitals, no substantial mixing of the 2 g configuration with other 2h configurations occurs in the two inner valence main states. Consequently, the inner valence hole is delocalized over the two nitrogen atoms in these states. We have a similar situation as for the delocalized 1 u outer valence main states. Because of the more compact character of the inner valence orbital, it is evident that ⌬ Split is stronger in the 2 g than in the 1 u states.
As before in the C*O and CO* spectra, we do not find satellite states in the N*N spectrum between the outer and inner valence region which have appreciable 2h weight ͑in contrast to the CO and N 2 spectra with the 4 and 2 u shake-up satellites, respectively͒. The weak satellite at 48.7 eV ͑see Table IX͒ is the first state above the outer valence region, from which it is separated by 12.3 eV. This satellite is followed by 14 ⌸ states between 52 and 60 eV with 2h weights smaller than 0.01. Then follows a series mostly of ⌺ ϩ states which are visible in Fig. 2 .
C. H 2 CO
Owing to the larger number of electronic transitions in the larger H 2 CO molecule, its valence single and corevalence double ionization spectra are more complex than those of CO and N 2 ͑compare Figs. 1-3͒ In the valence ionization spectrum of the groundstate molecule one finds shake-up satellites accompanying the two highest lying (1b 2 and 4a 1 ) outer valence main states. Again, such satellite structures do not exist in the double ionization spectra. The energy interval between the outer and inner valence region in the H 2 C*O and H 2 CO* spectra is free from satellites with appreciable 2h weight. Apart from the two satellites a little below 45 eV in the H 2 C*O spectrum only some weak satellites with 2h weights smaller than 0.01 are found between the two regions in both double ionization spectra. Thus, according to our Green's function approach, the absence of shake-up satellites in core-valence double ionization spectra appears to be a general phenomenon. Except for this similarity, the spectra of H 2 C*O and H 2 CO* are significantly different. The H 2 C*O spectrum resembles the H 2 CO one. The similarity appears both in the outer valence region, where the assignment of the main states is easily done according to their one-to-one correspondence with the ground state orbitals ͑see Table XI͒ , and in the inner valence region, where we encounter a complete breakdown of the MO picture of ionization in both spectra. In contrast, we find diverse features in the H 2 CO* spectrum. Here, even more than in the N*N spectrum, the inner valence breakdown is insignificant. One singlet and one triplet inner valence main states, which acquire their large 2h weight of 0.65 from the 3a 1 orbital, result from the ADC calculations ͑see Table XII͒ . The large relaxation contributions to the 3h1p part of the two ADC vectors even dominate the semi-internal correlations. The more localized character of the inner valence orbital together with its charge concentration on the oxygen atom explain the enormous ⌬ Split of 4.0 eV for these states. Further analysis of the inner valence and satellite states is beyond the scope of the present paper.
A very interesting result is that, in the outer valence region of the H 2 CO* spectrum, the assignment to specific ground state orbitals is no more possible for the A 1 and B 2 dicationic states because of a strong mixing of the 2h configurations 4a 1 ,5a 1 and 1b 2 ,2b 2 , respectively ͑see Table XII͒. Whereas the energetical order of the outer valence main states in the H 2 C*O and H 2 CO spectra is the same, we find a reverse order of the singlet 1b 1 and the low lying 1 A 1 state in the H 2 CO* spectrum ͑see Fig. 3͒ . We shall arrive at a theoretical analysis of this finding in Sec. V C. We note that, as in the case of CO and N 2 , the composition of the dicationic states of H 2 CO shows full core-valence separability. Again the ĨP v values agree roughly with the core state valence orbital energies, with singlet-triplet ĨP v averages lying within Ϫ1.0 eV ͑low lying B 2 state of H 2 CO*) and 1.6 eV (1b 1 state of H 2 C*O͒ of the corresponding ⑀ 's ͑see Table II͒. In the following we will discuss separately the outer valence main states of H 2 C*O and H 2 CO*. Due to the clear validity of the MO picture for the outer valence main states of H 2 C*O, the valence hole distribution in these dicationic states is given by the spatial distribution of the ground state orbitals. This can be seen directly by comparing the population analysis of the orbitals and the dicationic states ͑see Tables X, XIII͒. Since the admixture of 2h configurations in the ADC vectors is weak and the leading 2h configuration is not significantly different for singlet and triplet states ͑see Table XI͒, the valence hole population is quite similar for a given singlet-triplet pair. The outer valence orbitals of H 2 CO can be classified as follows. The 2b 2 and 5a 1 orbitals are mainly localized on the oxygen atom, the 1b 1 orbital represents the polarized out-of-plane CO bond, and the 1b 2 and 4a 1 orbitals have extensive CH bond character. Accordingly, the low lying A 1 (5a 1 ) and B 2 (2b 2 ) dicationic states of H 2 C*O are essentially localized two-site states with an oxygen valence hole, whereas the other states are delocalized with one-site and two-site contributions. The extent of valence hole localization on the carbon atom ͑one-site character of the states͒ agrees with the line shifts, spin splittings, and 2h weights in Table II . The suitability of the interpretation of the H 2 C*O spectrum in terms of ground state orbitals is to be expected, because no marked reorganization of the ground state valence charge distribution takes place in the C1s ionized state ͑see Table X͒ . This situation is similar to that found for the CO molecule, the orbitals of which also roughly retained their character in the ground and core ionized states. We turn now to the H 2 CO* spectrum. As a result of the strong 2h mixing taking place in the A 1 and B 2 outer valence main states, these cannot be interpreted in terms of the usual MO picture. There is no correspondence with the valence singly ionized states of H 2 CO, hence a specification of ⌬ Shi f t in Table II is not possible. The valence hole population in the dicationic states ͑see Table XIII͒ allows us to divide the states into two groups: the low lying A 1 and B 2 states, which are delocalized with large carbon and hydrogen two-site contributions, and all other states which have a dominating one-site character and a minor carbon two-site component. In each singlet-triplet pair the valence hole population varies to some extent, due to the diverse 2h mixing in the underlying ADC vectors ͑see Table XII͒. The grouping of the states is reflected in the spin splittings and 2h weights in Table II . In the first group ⌬ Split is smaller than 0.5 eV and the 2h weight larger than 0.75, in line with the valence hole population on the carbon and hydrogen atoms. In the second group we find a smaller 2h weight and ⌬ Split is larger than 2.1 eV, in accordance with the predominant valence hole localization on the oxygen atom.
The valence hole distribution in the A 1 and B 2 outer valence main states of H 2 CO* is opposite to that of the corresponding states of H 2 C*O, where the MO picture is valid. Thus, through 2h mixing, a drastic reorganization of the ground state valence charge distribution takes place in the dicationic states of H 2 CO* in order to minimize the holehole repulsion in the low lying A 1 and B 2 states. The situation is similar to that for N*N where the valence hole localizes on one or the other nitrogen atom in the ⌺ ϩ states via a 2h mixing of the delocalized ground state orbitals. As in the case of N*N, the valence hole distribution in the dicationic states is reflected to some extent by the population analysis of the relaxed orbitals of H 2 CO* ͑see Table X͒. The 2b 2 and 5ã 1 orbitals have CH bond character, whereas the 1b 1 , 1b 2 , and 4ã 1 orbitals are more localized on the oxygen atom. Thus the relaxed orbitals appear more appropriate for a single configuration description of the dicationic states. Indeed, the relaxed orbital energies are again comparable to the energies of the dicationic states. In particular, the reverse order of the singlet 1b 1 and the low lying 1 A 1 state in the H 2 CO* spectrum is reflected by the finding that the split of 3.1 eV between the 1b 1 and 5a 1 ground state orbitals is reduced to a split of 1.1 eV between the 1b 1 and 5ã 1 relaxed orbitals of H 2 CO* ͑see Table X͒.
V. THEORETICAL ANALYSIS OF THE NUMERICAL RESULTS
A. Relationship between double and single ionization energies
To analyze the computed energies we break them up into the most relevant components of different physical origin. The break up is done by a second order perturbation expansion of the DIP cv of a main state which can be perturbatively derived from an unperturbed 2h configuration. Since DIP cv computed by ADC is correct beyond second order for main states, the perturbation expansion provides a suitable tool to identify the major components of the calculated DIP cv . To keep the perturbation expansion short and transparent, its configuration space will be restricted throughout according to core-valence separation ͑see Sec. IV A͒ and the localized core approach ͑see Sec. IV B͒, both of which we have seen to be valid. Clearly, the convergence of the perturbation expansion is hindered when a dicationic main state cannot be derived from a single unperturbed 2h configura tion. The origin of the strong 2h mixing in the dicationic states of N*N and, in particular, of H 2 CO* will be investigated in Sec. V C.
DIP cv is the difference between the (NϪ2)-particle state energy and the N-particle ground state energy, i.e., DIP cv 
͑2͒
for the valence ionization potential and
͑3͒
for the core ionization potential. Now it is straightforward to interprete the various terms in Eq. ͑1͒. First of all, DIP cv comprises electrostatic first and second order terms which arise from the interaction of ͉⌽ cv NϪ2 ͘ with itself and other 2h configurations, respectively.
They represent the Coulomb and exchange hole-hole interaction in the core-valence dicationic states. A large part of the remaining relaxation and correlation second order contributions results from IP v or IP c . Relaxation is defined as the change in IP/DIP due to the appearance of a new potential for the remaining electrons at the SCF level when removing one/two electrons. Those terms in Eqs. ͑1͒-͑3͒ which are characterized as relaxation are accounted for in ⌬SCF calculations, whereas the correlation corrections appear beyond the ⌬SCF level. It is well known that the ⌬SCF procedure yields satisfactory results for IP c since the relaxation terms clearly dominate the correlation corrections. This emerges also from the second order expansion of IP c where the correlation terms have their origin in small exchange integrals between core and valence electrons involving virtual orbitals. The expression for IP v can be completely identified in the expression for DIP cv . IP c is also included in DIP cv except for those relaxation and correlation terms involving the spin orbital v which carries the valence hole. These missing terms are given by
Another relaxation term contributes to DIP cv which neither originates from IP v nor from IP c . This is the mixed core and valence hole relaxation which reads as 2 ͚ i,r (V cr [ci] V vr [vi] )/(⑀ i Ϫ⑀ r ). All relaxation contributions to DIP cv arise from the interaction of ͉⌽ cv NϪ2 ͘ with those 3h1 p configurations which result from the 2h configuration in question by valence excitation ͑see Sec. IV A͒.
The origin of a large part of those terms in Eq. ͑1͒ which cannot be attributed to IP v or IP c becomes obvious when expanding the valence orbital energies of the core ionized state through second order. From the general expression for the relaxed orbital energy of an arbitrary ionized state 52 we obtain within our approximations
⑀ v is seen to include completely the important electrostatic contributions which contain the Coulomb hole-hole interaction. Moreover, ⑀ v comprises the above mentioned mixed core and valence hole relaxation and the missing core relaxation involving v . The combination of Eqs. ͑1͒-͑4͒ yields a surprisingly simple result for the valence ionization potential of a core ionized state
The last two terms of ĨP v can be assumed to be relatively small because they represent exclusively the exchange interaction between core and valence electrons. Neglecting these small contributions and making use of Koopmans theorem for IP v , i.e., IP v ӍϪ⑀ v , Eq. ͑5͒ immediately boils down to ĨP v ӍϪ⑀ v . This result explains the approximate agreement between ĨP v and the relaxed orbital energy ⑀ v which has been found for the outer valence main states of all test molecules. In particular, we note that through first order, ĨP v is exactly given by the relaxed orbital energy
B. Analysis of line shifts and spin splittings
By the perturbation expansion of ĨP v we are now in a position to analyze the state specific line shifts and spin splittings which have been defined as
Inserting Eq. ͑4͒ in Eq. ͑5͒ we obtain, after spin integration, the spin free equations for 1 ĨP v and 3 ĨP v :
and
͑7͒
where now the orbital indices refer to spatial orbitals. According to the discussion in the preceding section, the four contributions through second order to ⌬ Shi f t and ⌬ Split are readily identified as the first and second order electrostatic interaction, the ''missing core relaxation and correlation involving v '' ͑summation over r), and the ''mixed core & valence hole relaxation'' ͑summation over i,r), respectively, defined in Sec. V A. To assess the relevance of these contributions to ⌬ Shi f t and ⌬ Split , we have computed them for the outer valence main states of C*O, CO*, N*N, and H 2 C*O which can be derived from one particular 2h configuration. The results are reported in Table XIV . ͓We have also computed the four terms in Eqs. ͑6͒ and ͑7͒ for 2h configurations ͉⌽ cv NϪ2 ͘ originating from the HF ground state configuration of H 2 CO by annihilation of one O1s and one outer valence electron. Of course, in this case the results are not related to the A 1 and B 2 outer valence main states of H 2 CO* because of the very strong 2h mixing in these states. However, the results on H 2 CO* in Table XIV will be useful for the comparison of the ADC and CI calculations in Sec. V D.͔ In Table XIV the ''missing core relaxation involving v '' and the ''mixed core & valence hole relaxation'' are summarized into one total relaxation contribution. Also the very weak ''missing core correlation involving v ,'' which contributes only to ⌬ Split in Eq. ͑7͒, is implicitly included in the by far more relevant relaxation contribution. The contributions beyond second order belonging to ⌬ Shi f t ͑ADC͒ and ⌬ Split ͑ADC͒ have been estimated by ⌬ Shi f t ͑ADC͒ Ϫ⌬ Shi f t ͑2nd order͒ and ⌬ Split ͑ADC͒Ϫ⌬ Split ͑2nd order͒, respectively. We note that both relaxation and correlation effects are included in DIP cv computed using the ADC scheme. For main states this scheme is correct up to and including second order and includes higher orders only approximately.
Let us start with the analysis of ⌬ Shi f t for the outer valence main states of C*O, CO*, and H 2 C*O which properly derive from one specific 2h configuration ͉⌽ cv NϪ2 ͘. ⌬ Shi f t is governed by the first order electrostatic term given by the Coulomb hole-hole repulsion V cvcv . This integral is always positive and its magnitude depends on the localization character ͑one-site or two-site͒ of ͉⌽ cv NϪ2 ͘. In general, the second most relevant contribution to ⌬ Shi f t arises from the second order relaxation term. Owing to the presence of a core hole, the relaxation contribution can be considerably large and its value also depends on the localization character of ͉⌽ cv NϪ2 ͘. For the one-site states of C*O, CO*, and H 2 C*O the relaxation contribution is substantial and always negative and, hence, decreases ⌬ Shi f t . The interactions are particularly strong in the one-site states of C*O and CO* due to the marked valence hole localization in these dicationic states Table II . The second order perturbation expansion of ⌬ Shi f t and ⌬ Split is defined by Eqs. ͑6͒ and ͑7͒, respectively. The higher order corrections to ⌬ Shi f t and ⌬ Split are given by ⌬ Shi f t ͑ADC͒Ϫ⌬ Shi f t ͑2nd order͒ and ⌬ Split ͑ADC͒Ϫ⌬ Split ͑2nd order͒, respectively. In the case of the A 1 ,B 2 and ⌺ ϩ dicationic states of H 2 CO* and N*N, respectively, standard perturbation theory does not converge due to the strong mixing of 2h configurations in these states. Here, quasi-degenerate perturbation theory is the appropriate tool to analyze ⌬ Shi f t and ⌬ Split . For more details see Sec. V B and Sec V C. All energies are in eV. ͑see Table V͒ . Here, one finds V cvcv Ͼ20 eV and relaxation contributions up to Ϫ18 eV! The analogous contributions for the outer valence main states of H 2 C*O are less pronounced. Here, the states derived from the 1b 2 and 4a 1 orbitals have a relevant one-site contribution ͑see Table XIII͒ . However, since the valence hole is not properly localized on the carbon atom, but rather in the CH bond, the interactions are not so strong.
We generally find opposite signs of the first order electrostatic and second order relaxation contribution but the former contribution dominates. In particular, the ⌬ Shi f t values for CO* and H 2 C*O compare with the Coulomb integrals V cvcv , explaining the success of the simple electrostatic hole-hole repulsion model used to visualize ⌬ Shi f t in the discussion of the previous sections.
In the absence of an appreciable 2h mixing in the dicationic states of C*O, CO*, and H 2 C*O, the second order electrostatic contribution to ⌬ Shi f t is generally less relevant than the first order electrostatic and second order relaxation contribution. In contrast, the 2h mixing in the ⌺ ϩ dicationic states of N*N is reflected by the large second order electrostatic contribution which is more relevant than the relaxation contribution. The energy decrease of Ϫ12.4 eV and the increase of 10.9 eV for the 3 g and 2 u dicationic states by the second order electrostatic contribution reflect their localized two-site and one-site character, respectively ͑see Sec. IV B͒. The large corrections beyond second order for these states demonstrate the slow convergence of the perturbation expansion for dicationic states which do not derive from a single 2h configuration. In contrast, all dicationic states which obey the MO picture exhibit fast convergence, i.e., the corrections beyond second order are small compared to the first order electrostatic and second order relaxation contribution. In general, these correction terms are positive, leading to underestimation of ⌬ Shi f t through second order.
The analogous analysis of ⌬ Split yields the following results. According to Eq. ͑7͒ ⌬ Split is given through second order by a summation of terms which contain two-electron integrals of the core-valence exchange type. Consequently, ⌬ Split consists of a superposition of relatively small contributions as verified by the data in Table XIV . As for ⌬ Shi f t , the most important contributions for the dicationic states of C*O, CO*, and H 2 C*O are the first order electrostatic and second order relaxation term, the size of which depends on the localization character of ͉⌽ cv NϪ2 ͘. Both terms are positive and of comparable size. Therefore, we find in the ADC calculations the singlet states to lie at higher energies than the corresponding triplet states. ͑Only for the 2b 2 dicationic state of H 2 C*O we find a small negative ⌬ Split value due to the very weak interactions in this two-site state.͒ Owing to the positive sign of the two leading contributions to ⌬ Split its qualitative prediction based on the first order term 2V cvvc alone is more appropriate than in the case of ⌬ Shi f t . For the dicationic states of C*O, CO*, and H 2 C*O the exchange integrals V cvvc can even be employed to estimate the relative ⌬ Split values. The positive contribution of the first order electrostatic and second order relaxation term to ⌬ Split is decreased by the smaller second order electrostatic term and by higher order corrections, which add up to a negative contribution. The large second order electrostatic term and higher order corrections for the ⌺ ϩ dicationic states of N*N again demonstrate the intractability of states which do not derive from a single 2h configuration, within our perturbation theoretical approach. Through second order ⌬ Split is strongly underestimated for the 3 g two-site and strongly overestimated for the 2 u one-site state. In the cases of strong 2h mixing, degenerate perturbation theory is the appropriate tool to analyze ⌬ Shi f t and ⌬ Split ͑see Sec. V C͒. In some of these cases a perturbation theory formulated in the basis of relaxed orbitals could also remedy the situation.
C. Coupling of two-hole configurations
The valence hole distribution in core-valence dicationic states which derive from a single 2h configuration can be understood within the MO picture. This has been demonstrated for the outer valence main states of C*O, CO*, and H 2 C*O. On the other hand, a considerable mixing of 2h configurations determines the valence hole distribution in the outer valence main states of N*N and H 2 CO*. As we have seen in the previous section, the 2h mixing originates mainly from strong electrostatic Coulomb interactions which can be studied in a simple CI model. To analyze the 2h coupling in the ⌺ ϩ and A 1 ,B 2 dicationic states of N*N and H 2 CO*, respectively, the CI matrix has to be constructed from the interacting 2h configurations. In all of these cases two 2h configurations interact yielding 1, 3 Hϭ ͫ
͑8͒
for the singlet ͑upper sign͒ and triplet ͑lower sign͒ cases. The mixing angle of the 2h configurations is given by tan ϭͱ1ϩq 2 Ϫq, 0рр 4 , ͑9a͒
is the relevant 2h coupling ratio indicating whether 2h mixing is weak ͑large q) or strong ͑small q). In the following we assume that ⌬⑀ϭϪ(⑀ v 1 Ϫ⑀ v 2 )Ͼ0. In the case of N*N the 2h interaction has to be considered for v 1 ϭ2 u and v 2 ϭ3 g (⌬⑀ϭ3.9 eV͒. Both outer valence orbitals are completely delocalized with nonbonding character ͑see Of course, this crude electrostatic model cannot account for the finer effects in core-valence dicationic states because the diverse 2h mixing in the singlet and triplet states is not due to pure electrostatic interactions but can be strongly influenced by 2hϪ3h1p interactions. However, whether 2h mixing is likely to take place in core-valence dicationic states can be predicted within this model.
To proceed beyond the above simple model we notice that Eq. ͑8͒ is just the first order matrix appearing in quasidegenerate perturbation theory. Due to 2hϪ3h1 p interactions the matrix elements in Eq. ͑8͒ have to be augmented by higher order contributions which take on the appearance of the relaxation and correlation terms in Eq. ͑1͒. In this way one can analyze the various electrostatic and many-body effects consistently.
D. Comparison of ADC and CI results
In order to check the quality of ĨP v computed by ADC and to analyze these quantities via CI, we have also carried out CI calculations on the outer valence main states of the core ionized systems utilizing the respective relaxed core state orbitals. Assuming core-valence separation to hold, the configuration space of the CI computations consists of all 2h configurations ͉⌽ cv NϪ2 ͘ with one specific localized core and one valence vacancy and the single (3h1 p) and double (4h2p) excitations generated from them. From these CI calculations we obtain ĨP v by ĨP v ϭE cv NϪ2 ϪE c NϪ1 where the energy E c NϪ1 of the core ionized state results from a singles and doubles CI relative to the HF core state configuration ͉⌽ c NϪ1 ͘. We note that here ĨP v is computed as the difference of two total energies whereas in ADC we directly compute DIP cv . Since the relaxed core state orbitals comprise the major part of the electrostatic interactions and relaxation contributions which are due to the core hole ͓see Eq. ͑4͒ for terms up to second order͔, they may provide a more appropriate starting point for the representation of core-valence dicationic states in CI than the ground state orbitals do. The CI data are collected in Table XV . We see that in the CI expansion based on the relaxed core state orbitals each dicationic state derives from one specific valence orbital and can be interpreted in a MO picture. However, these MO's are more complicated than those of the ground state and different for each core state. The strong reorganization of the ground state valence charge distribution in the dicationic states of N*N and H 2 CO* is now already taken into account in the relaxed orbitals. Although possible in principle, no significant 2h mixing is found but, as in the ADC eigenvectors of the dicationic states, this is more pronounced in the singlet than in the triplet CI wavefunctions. Another consequence of the use of the relaxed core state orbitals is the larger 2h weight of the dicationic states in CI ͑0.81-0.90͒ than in ADC ͑0.66-0.78͒: core relaxation is already accounted for in the orbitals for the CI, while ADC represents this relaxation by 2hϪ3h1 p mixing.
Before we proceed to compare ĨP v computed by ADC and CI ͑see Tables II and XV, respectively͒, we should comment on the accuracy of the approximation schemes. In the ADC calculations the final dicationic state relaxation effects are treated correctly through second order and higher orders are approximately included. It is not a priori clear whether relaxation is over-or underestimated by ADC͑2͒. Nevertheless, under the assumption that relaxation terms generally lower the energy of the dicationic states, we can expect that their incomplete treatment in the ADC computations yields too large ĨP v values. In the CI calculations there is a more complete treatment of final dicationic state relaxation because its dominant part, which is due to the core hole, is entirely taken into account in the relaxed core state orbitals. On the other hand, the balance between relaxation and correlation is not given in CI and ĨP v ϭE cv NϪ2 ϪE c NϪ1 is computed as the difference of two large total energies. However, for core vacancies the correlation contribution is generally found to be substantially smaller than the relaxation contribution. Therefore, ĨP v calculated by ADC should be generally larger than the corresponding CI value, and particularly large deviations can be expected for one-site states, where the higher order relaxation terms missing in ADC͑2͒ can be large. An appropriate example to check these considerations is provided by the CO* system. Here the second order relaxation contribution clearly reflects the weak interactions in the 5 two-site and the strong ones in the 1 and 4 one-site dicationic states ͑see Table XIV͒. The second order relaxation contributions to ⌬ Shi f t of 2.7 eV, Ϫ10.9 eV, and Ϫ18.0 eV for the respective states correspond to differences ⌬ Shi f t ͑ADC͒Ϫ⌬ Shi f t ͑CI͒ of Ϫ0.5 eV, 1.6 eV, and 2.6 eV, respectively, indicating that the missing higher order relaxation terms in ADC cause too large ĨP v values, in particular for the one-site states. For the dicationic states of C*O, H 2 C*O, and N*N, ⌬ Shi f t ͑ADC͒Ϫ⌬ Shi f t ͑CI͒ is always positive and more or less uniform for all states of a given mol-ecule ͑1.3-1.6 eV for C*O, 0.7-1.1 eV for H 2 C*O, and about 1.0 eV for N*N͒ in agreement with the fact that the second order relaxation contribution to ⌬ Shi f t varies less ͑see Table XIV͒. For all systems, except for H 2 CO*, a satisfactory agreement between ⌬ Split ͑ADC͒ and ⌬ Split ͑CI͒ is found. In general, CI tends to produce larger ⌬ Split values than ADC for dicationic states with one-site character. In the case of H 2 CO* the disagreement between the ĨP v 's computed by ADC and CI is also reflected by the valence hole distribution in the corresponding ADC and CI vectors. Considering that each CI wavefunction derives from one specific relaxed core state orbital, the population analysis of this orbital should reproduce in some detail the 2h population of the associated CI eigenvector. Comparing the population analysis of a relaxed core state orbital with the 2h population of the corresponding ADC vector ͑compare Tables I and V for C*O and  CO*, Tables VII and VIII for N*N, Tables X and XIII for H 2 C*O and H 2 CO*) one indeed finds correspondence for all systems except for H 2 CO*. The deviation between ADC and CI results for H 2 CO* is likely to be due to the missing higher order relaxation terms in ADC. In the two systems where considerable 2h mixing occurs we find moderate second order relaxation contributions for the outer valence orbitals of N*N but state dependent and strong ones in the case of H 2 CO* ͑see Table XIV͒ . This suggests a more pronounced influence of relaxation effects on the dicationic states of the latter. We conclude that ⌬ Split is a quantity sensitive to the balance of many-body contributions ͑corre-lation and relaxation͒ in the wavefunctions.
For systems larger than the molecules studied here, the CI method in configuration spaces affording adequate accuracy becomes rapidly impracticable for computing the numerous dicationic states. When the molecule contains many inequivalent atoms one has to perform one SCF calculation on each core ionized state, followed by the CI calculations. It is relevant to have a method like ADC which allows for the calculation of many dicationic states, also of extended systems, in a few computational steps. A further advantage of the ADC method, especially in view of its application to large systems, is its size-consistency.
VI. VALENCE IONIZATION OF A CORE IONIZED SYSTEM
As already mentioned in Sec. I, it would be interesting to produce the core-valence double vacancies by valence ionization of an initially core ionized system. This production mechanism allows us to view the resulting spectrum as a ''normal'' ionization spectrum in the presence of a specific localized core vacancy. In the following we derive intensities for this process and discuss their relation to the CI expansion of the final dicationic states represented in the basis of the relaxed core state orbitals i . To fulfill the spin requirements on the states involved in the process, we will mark the states by the spin S and ͑if necessary͒ the magnetic spin quantum number M s . Assuming Fermi's golden rule, the partial-channel ionization cross section S n (⑀) related to the production of the core-valence dicationic state ͉ S ⌿ n NϪ2 ͘ and a free electron of kinetic energy ⑀ is given by XV. Outer valence ionization potentials (ĨP v ) of some core ionized molecules, as well as total two-hole (2h) weights and leading 2h coefficients of the corresponding core-valence dicationic states calculated via CI methods ͑see Sec. III A͒ at the ground state geometry. The star denotes the core hole localized on the corresponding atom of the molecule. The dicationic states are characterized by the relaxed core state valence orbital v from which they derive the major part of their 2h weight ͑compare the leading 2h coefficient with the total 2h weight͒. For the definition of ⌬ Shi f t and ⌬ Split see the caption of Table II . The basis sets used are of triple-zeta valence plus polarization quality. All energies are in eV. initial state of the process with a spin-up vacancy in the core and T denotes the transition operator describing the photonmolecule interaction. We note that Eq. ͑10͒ may also apply to ionization experiments other than photoionization and restrict ourselves to experiments described by transition operators which are one-particle operators. Equation ͑10͒ is valid if the ionization process is fast compared to the decay time of the core hole. Otherwise, one has to include the production and the decay of this hole in the scattering process.
To proceed with the evaluation of Eq. ͑10͒ we must compute the initial and final states ͉ 2 ⌿ c NϪ1 ͘ and 
where the construction of spin-adapted scattering states requires the combination of the singlet and triplet dicationic states with the spin of the ejected electron, respectively. The creation operator a 5 ⑀ † is associated with the one-electron scattering orbital 5 ⑀ describing the free electron. The double tilde in 5 ⑀ indicates that this scattering function is not a member of the relaxed core state orbitals i but, rather, is chosen to appropriately describe the motion of the ejected electron in the field of the remaining dication. Obviously, this ansatz neglects channel-coupling effects and the correlation of the free and bound electrons. Inserting the single-channel approximation into Eq. ͑10͒ and making use of the well-known commutator relations between annihilation and creation operators defined for nonorthogonal orbitals, one readily obtains the following equations: ͑12a͒ and ͑12b͒ where ⑀i denotes the one-particle matrix element of T performed with 5 ⑀ and i . According to Eqs. ͑12a͒ and ͑12b͒ the amplitude S T n⑀,c is the sum of two parts, the first one ͚ i ⑀i S i (n) is referred to as the direct part since it represents direct transitions between the relaxed orbital i and the continuum orbital 5 ⑀ , and the second is referred to as the nonorthogonality part since it arises due to the non-orthogonality of 5 ⑀ and i . It can be assumed that, owing to the fast oscillatory behaviour of 5 ⑀ at high kinetic energy ⑀ of the ejected electron, the non-orthogonality term decreases with growing ⑀ faster than the direct term. Consequently, we may neglect the non-orthogonality term at high energies ⑀. In particular, it can be conjectured that the non-orthogonality term falls off rapidly to a minor contribution in the case of the ionization of outer valence electrons. This can be intuitively understood by considering the state a 5 ⑀ ͉ 2 ⌿ c NϪ1 ͘ appearing in Eqs. ͑12a͒ and ͑12b͒. 5 ⑀ calculated in the field of NϪ2 occupied orbitals of the residual dication will be the more different from ⑀ calculated in the field of NϪ1 relaxed core state orbitals, the stronger the relaxation effects due to the removal of a second electron. and, for the idealized case that S ␣ ci (n) does not depend on S, a singlet-triplet ratio of 1:3 for the production of the dicationic states results. As can be seen from the CI data in Table XV , this idealized case applies approximately to the core-valence dicationic states investigated here. The consideration of initial core state correlation will, in general, also modify the spectroscopic amplitudes S i (n) to some extent. A qualitatively new feature is that now also unoccupied orbitals may give a contribution. As a consequence, hitherto symmetry forbidden satellite states may occur in the spectrum.
In many cases of interest a single transition amplitude mainly contributes to the cross section and we can write the cross section as a product of a spectroscopic factor ͉ S i (n) ͉ 2 and an orbital ionization cross section ͉ ⑀i ͉ 2 ,
When this relation is valid the ionization process may be viewed as the ejection of an electron out of a specific relaxed orbital i . In general, this applies to the outer valence main states of the core ionized molecules ͑see Table XV͒ .
VII. SUMMARY
In the present work we have investigated theoretically core-valence double vacancies. We consider the corevalence dicationic states particularly interesting because of their site specificity. They provide a fingerprint of the specific atom on which the core vacancy is localized.
As explicit examples we have studied the molecules CO, N 2 , and H 2 CO using Green's function and CI methods. It has been shown that the localized core separation is an excellent approach for the computation as well as the interpretation of core-valence dicationic states. Because of the localized nature of the core orbitals, the dicationic states can be easily classified according to the location of the valence hole relative to the core hole. One finds localized one-site states where the valence hole is located on the same atom, localized two-site states where the valence hole is located on a different atom, as well as delocalized states where the valence hole is distributed over more than one atom.
The Green's function computations on the core-valence dicationic states have been performed in the ground state orbital basis. The results have been compared to the valence monocationic states of each molecule. Interesting phenomena, like the energetical shift of the dicationic states relative to the corresponding monocationic states and their singlettriplet splitting, have been investigated. We have found that in the Green's function expansion the outer valence ionized states of the core ionized molecules C*O, CO*, and H 2 C*O ͑the star denotes the core hole localized on the corresponding atom of the molecule͒ derive predominantly from one particular valence orbital, whereas a considerable coupling of two-hole (2h) configurations takes place in the outer valence ionized states of N*N and H 2 CO*. In the case of H 2 CO* the 2h mixing is so strong that the dicationic states can no more be associated with the outer valence ionized states of H 2 CO. The strong 2h mixing leads to a reorganization of the ground state valence charge distribution in the dicationic states which has been computed by a 2h population analysis. This analysis has provided us with a tool to quantify the one-site character of a dicationic state which is relevant to estimate the strength of the hole-hole interaction. It turns out that, in general, the state specific shifts and spin splittings increase with the strength of the hole-hole interaction, hence, with the one-site character of the dicationic state.
The second order perturbation expansion of single and double ionization energies yields a surprisingly simple result for the core-valence double ionization potentials (DIP cv ). Except for some small exchange integrals between core and valence electrons DIP cv is given by DIP cv ӍIP c ϩIP v ϩ ⑀ v Ϫ⑀ v , where ⑀ v and ⑀ v denote the ground and core state orbital energies, respectively. Making use of Koopmans theorem, i.e., IP v ӍϪ⑀ v , one finds that a kind of ''Koopmans theorem'' also exists for the valence ionization potential of a core ionized state ĨP v ӍϪ⑀ v . In fact, an approximate agreement between the computed outer valence ionization potentials of the core ionized molecules and the relaxed orbital energies has been found throughout. The perturbation expansion has also allowed us to analyze the manybody effects in the dicationic states. It has been shown that the state specific shifts and spin splittings are governed by the first order electrostatic and relaxation interactions for those dicationic states that derive from one single valence orbital. For states with large one-site character the corevalence interactions are particularly strong, and the relaxation contributions to the shifts reach almost the same magnitude as the first order electrostatic term. As could be expected, the 2h mixing in the dicationic states of N*N and H 2 CO* is reflected in the large second order electrostatic interaction and a bad convergence of the perturbation expansion. Here, quasi-degenerate perturbation theory is required for the analysis.
The CI computations on the outer valence main states of the core ionized molecules have been performed in the respective core state orbital basis. For the molecules studied here, we have found that in the CI expansion each dicationic state derives from one specific relaxed valence orbital and, hence, can be interpreted in a MO picture. The strong reor-ganization of the ground state valence charge distribution in the dicationic states of N*N and H 2 CO* is now already taken into account in the relaxed orbitals and only weak 2h mixing has been found. The comparison of the CI and Green's function results on the ionization energies yields a quite satisfactory agreement for all core ionized molecules except for H 2 CO*. Here the difference is likely to be due to the impact of missing higher order relaxation terms in our Green's function calculations on the 2h coupling in the dicationic states. Highly accurate calculations are needed to clarify this point.
For the generation of core-valence dicationic states various experimental sources come into question. Among the numerous possibilities we cite the direct double ionization of one core and one valence electron, and the shake-off process accompanying core ionization due to relaxation effects in the valence shell. Moreover, by analogy with the usual Auger decay leading to doubly valence ionized states, an initial deep core hole state may decay into core-valence dicationic states by emission of a further electron, when the primary core hole is localized on an atom which contains at least one more energetically higher core shell. The 2h population analysis discussed here can be used to simulate the resulting Auger spectrum. The dicationic states can also be generated by the valence ionization of a core ionized state. For this process cross sections related to the production of the dicationic states have been derived, and their relation to the calculated CI wavefunctions has been demonstrated. Since the CI wavefunctions of the outer valence main states in the core state orbital basis properly obey the MO picture of ionization, the outer valence ionization of a core ionized state may be viewed as the ejection of an electron out of a specific relaxed orbital.
We hope that our theoretical results will stimulate experimental activities in the largely unexplored field of corevalence dicationic states.
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